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If x is an element of a ring R, the idempotent p(9) is a left [right] 
Barnes idempotent for x in R if XR =(l- p)R [Rx = R(l- 9)]. The 
idempotent e(f) is a left (right) support idempotent for x in R if xR = eR 
(Rx = Rf). Barnes idempotents for bounded Fredholm operators on Banach 
spaces have finite rank; they have played an important role in the extension of 
Fredholm theory to algebras [2] and to rings [l]. 
An element x E R may have some, all, or none of the following four types 
of idempotent in R: 
LS: a left support, 
RS: a right support, 
LB: a left Barnes, 
RB: a right Barnes. 
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If A denotes the set {LS,RS, LB,RB}, the subsets of A, including the empty 
set 0, are known as combinations. Each element of a ring has an associated 
combination, but the number of combinations which can occur is very 
limited. 
PROPOSITION 1. lf R is unital, the only possible combinations for 
elements of R are A and 0. 
PROPOSITION 2. For x E R any two of the following conditions imply the 
third: 
(i) LS; 
(ii) LB; 
(iii) R possesses a left unit. 
PROPOSITION 3. Let R have a left unit. Zf x has RS, it also has LS. lf x 
has RB, it also has LB. 
There are obvious analogs of Propositions 2 and 3 with left and right 
interchanged, and, as a consequence of these results, rings, with their associ- 
ated set of combinations, may be classified as follows: 
(i) R is unital. The only possible combinations are 0 and A. 
(ii) R has a left but no right unit. There are four possible combinations: 
0, {LS,LB}, {RS,LS,LB}, {RB,LS,LBj. 
(iii) R has a right but no left unit. There are four possible combinations: 
0, {RS,RB}, {LS,RS,RB}, {LB,RS,RB}. 
(iv) R has neither a left nor a right unit. There are nine possible 
combinations: 
0, {RS), {RB}, {LS}, {LB}, 
{Rs,Ls}, {RB,LB}, {LS,RB}, {RS,LB). 
It would be of interest to know if all the combinations can be realized. 
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PROPOSITION 4. Zf R is semiprime and x E R, then x has LS and RS 
simultaneously; if some x in R has both LB and RB, then R is unital. 
Thus for a semiprime R there are five possible combinations: 0, {LB}, 
{RB}, {LSRS}, A. 
Full details will appear in [3]. 
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Products of Skew-Symmetric Matrices 
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This note summarizes some recent results obtained jointly by R. Gow and 
the author. Detailed proofs will appear elsewhere. 
Throughout this note, F denotes an algebraically closed field of character- 
istic not equal to 2, and A E M,(F) is a nonsingular n X n matrix. 
We consider the following questions: 
(1) Can A be expressed as a product of a finite number k of skew-sym- 
metric matrices in M,(F)? 
(2) If so, what is the smallest number k for which such a representation is 
possible? 
Note that since A is nonsingular, a necessary condition is that n is even. 
Also, the product of two skew-symmetric 2 x 2 matrices is scalar, so a 2 x 2 
matrix A satisfies (1) if and only if it is either skew-symmetric or scalar. 
We now state our main results. 
THEOREM 1 [2]. A is a product of two skew-symmetric matrices if and 
only if A is similar to a matrix of the form 
B 0 
[ 1 0 B’ 
